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XVIII. 


THE AUXILIARY FUNCTION 7 FOR TWO THIN LENSES 
CLOSE TOGETHER IN VACUO, AND FOR A SINGLE THIN 
LENS IN VACUO 
July, 1833. 

[Note Book 28, pp. 29-39 (back).] 


For a small spheric cap at origin, with curvature = ri, 
a= bri (ait y Gr) Gity»; 
2; — piti — quim ri {L—V1 +p; + g} 
Bth rtg 
2r n ^" 

Therefore for a series of n spheric refracting or reflecting surfaces close together at origin,* 
T=- 45,” (Hili — hi-1%i1) + (Mi Bi — ni 3 Bia)” 

@1 Ti (iYi — Pi-1'Vi-1) 

+43 08 {(oi@i — Bici + (Hi Bi — ui a4 Bia?" ; 
e Ti (Mifi — Bia tyi 


and 


and 
Va n (2,0, + Ynn + ZnYn) — po (4190 t Yoho + Zo'yo) HT. 
For two thin refracting lenses close together in vacuo, with four curved surfaces, 
V = agg + isa + 25°74 — (Loo + Yobo + Zo'yo) 
+ (101 -- 0)” + (4181 — Bo)? n (Hata — ta)? + (ua Bs — Ba) 


2i (ua^yi — Yo) 23 (aya — ya) 
+ (Gg — u103)* + (Ba — m B1) 4 (a4 — pata)? + (8,— Iis B3) 
2ra (Y2 — uai) 2ra (Ya — uays) 
_ (pata — &o)? + (uii — Bo]? _ [(uats — 2)" + (gs — Be)? 
81s (payı — Yo)” 8ra (marys — ya) 
_ (ad — wats)? + (Ba — pa)? _ {(@a — pat)? + (By — PBN}. 
8ra (y2 — pa i 8ra (Ya — pa Y3) ) 


yo= V1 — a2 — B, = 1- $ (a5 + 5) — (e$ + 82y; 
n= &e; my- y= pa —1— pa (a+ B2)4+4(a2 B); 
2 id 
(uia — Yo) * — (ua — 1) + in (i EBD = (05 + 89 ep Gre, 


* [The thickness of the lenses, although in general of the order of a; +2, is here neglected. The argument 
used here is that of (K7) of the Third Supplement (p. 216).] 
. + [The point z;, ys, %, is any point on the final ray.] 
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(July 22, 1833) the approximate conditions of the stationary value* with respect to a, Œz, a are 


a 
Hat, Go | Ga Hat 9 Ca~ Mita | Halls — Pala" = 0, He Se a PER nn 


Ta ! tele <1) v r r 
PEAS (m—1) T3(m—1) 3 4 
pa (ry — T2) Oy = T102 — T200 
pa (rs — T4) (3 = T304 — T42 
and 


Ta (pa — 1) (1304 — 403) "E. (us — 1) (7102 — 72%) 
Tg — T4 Li e" 


vt «nOn 1) — n Qa — 1) AAD 808 DI yy 0n D 5 Sale 1) 


Gy (Ts (u3 — 1) — rs (us — 1)] = 


s s [653 eins Leda um D 


Ta — T4 i Dal è 


0a (p1 — 1) (ra — r2) + (us — 1) (rs — ra)} = Qo (ua — 1) (ra — r4) + a (m — 1) (1 — ra), 
'.' finallyt ve 
_%P,+uP _aP,+aP B BP B8'P,. 
P 4 P, G ad. AR e b VA 
using P, P,, to denote the powers of the 1st and 2nd lens. That is, 
P (a4 — a3) = P, (a3 — a9): 


an equation which probably admits of some simple geometrical enunciation. 


mama EURO a, y MaD ralean (D) rna Oe) 
! 
= ay + 0870) Lg, a= D (o) _ V. (r= D 11 (a= 00) 


Ti — 9 P P+P, 


ra (@a— o) _ V 07 Dr(m -a)y q a= 1) ra (24 — 20) 


Jag = 04 + nemmi tka a XC er P+P, 
= a + 08 %) a, p Us 7 D) rs (084—032). , (Ha — 1) ro (4 — 09) 
“at T3 — T4 ee T7} P +P, 


_aP + oP, + (us — 1) rs (a4 — &9) m (ua — 1) r4 (a4 — Qo) ` 
P4 P, mp PS paige E uas before: 


and similarly 


m= fah T AEDST pfam pit UR TE PR 


* [That is, of 7; the function V plays no essential part in this investigation.] 

+ [In the manuscripts of this period, Hamilton used this symbol *.* consistently in the sense of “therefore.” 
The symbol was used in this sense in the seventeenth century by W. Oughtred and J. H. Rahn; see F. Cajori, 
History of Mathematical Notations, vol. 1 (Chicago, 1928), pp. 190, 211.] 

1 [Hamilton here reverts to his customary notation, in which a’, B', y’ refer to the incident ray, a, B, y to the 
emergent ray.] 
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These values of &ı, as, d, Bu Ba, Bs are to be substituted in V or T. Thus," 
— qe — (eat = moy (m = uim) (Hats — a)? — (c — Hata)” 
2n(u —1) 2ra(m— 1) 2rg(us—1) 27a (Hs — 1) 
+ same function of the ’s 


_ $P (ea — ao)? + (Ba — Bo] XB 


$P, (a4 — ao)? + (Pa Ort 
" P+ 


(P --Py ! 
(a ay - (8 — "y 
2 (P-- P.) . 
Also 
(m— D^. 
Aco = uit, — a9 =Ag(a—a’), Aro -(B—8) = "pP, 
( 1-1)": 
Ao, = — (4% = (a—a’), An-X(8—-8) M=- PEP, 
(us — 1) "s 
Aaa = pgs — (t = M (& — a^), Ars = M (8 — B"), M= P-B 
(us — 1)" 
AT; = 04 — pgs = Ag (a — @’), Ars = As (B — B’), M" 'UP. PF, 
and 


Avo = pati — Yo = pa — 1 — ua (0 + BY) + $ (+ AO) 
Li (zo + Ago)’ + (Bo Aro | 9 B 


SN 2; 2 
= (ua — 1) {1 +048 mart BoAre (Ao) + (Are) 
9m — a—1) Zman- !) 


Av, = ta — uaa = 1 — uai $} (03 + p3) + 3j (+ B1) 
Hu Sd ej BL matei, 
maranti ny BG) 

mist AD, de 
^7 9(u—1)  2(u-—1) 
mite, AtA), 

~ 2(u—1) 2 (us — 1) 

or better thus: change yy, ps to p, p, ; and put 


Aus = p3Y3 — Y2 = (Hs — 1) fi 


Aus = ya — paYs = — (us — 1) {1 


a+ Re=e, at=, mu PiBo— 6; 
then 


(a4 — ao)? + (84 — Bo) =e — 2e, +e; 
Ac? + Ar? = M (e — 2e, +’); Ao? + Ari = 23 (e — 2e, €) 
Act + Aj - M( ); AejrAn-2XM( i 
yv-1-4($ 8021-46; «-1-4(5 8271-36 


; ^ B 
* [7 denotes the part of the expansion of 7' which is of the second order 1n % By 4» 
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LIB e BURN PERS. D erie ey merus 
i p set + Bag, {a £X (0-7) HB EX (BBY 
=p-g id + De (e — €) £X (026, €); 


P*e--2PP,e + PPE. 
mol—¥ (+ epei P AERA P 


pom B+ B) =m- 5 (e Qua d (8 8 - EY) 


=u- 6 fe — 225 (e — €) + M (e — 2e, + €)]: 
! 


> 


ee i 9 : 0 : 
Ao(e, — ^ — 2e, + 
Aw-um-nw- (4-2 [Le ge] 
2(u — 1) (P Py 


om e + 2X (e, "d e) Xo (e — 26+ 2) 


Aw 7 mi jam - (a 1) 1 + 


> 


2j (w — 1) 
Pe + 2PP, e, + Pe 
2(u,—1)(P+P,F 
e — 2X3 (e — e) - A$ (e — 2e, + &)] | 
= 2p, (n, — 1) } : 
€ |. As(e— e) A$(e—2e +e 
anc wc D [org + et) Saeed) | 
we Jo 2 = MES ..912 
T=-%4 x, re na gare) -iXoi EE = =a ; 
rı(u — 1) =Ao(P+P,); —r4(u, — 1) - (P t P); 
—ry(p—1)—-X(PEP);  rs(g—1)-X (P+ Pj); 
Av —-(p—1)(l—-£); Av-—(u—1)(1—£); 
Av, — (gu, -1)(1 £); Avs- — (p, 1) (1 — £y); 
nAw-X(P4P)1-&); nAu-M(P4P)ü-&);- 
13 Av, — A4 (P - P)(1 — £); raAvs =(P -- P) (1 é): 
therefore observing that Xo + Ay + Ag+ As = 1, we get as before* 


Au = ars — hm (7 1) {1 + 


TO = (e — 2e, + €") 
2(P+P,) ’ 


dil po = Oft Mbit Mabe MES) (6 2e, +e") 
2(P+P,) 
VG 32s ey pee Ai re + M) 
sP +P) (n—1 * GIP 
* [For a justification of the method of approximation employed, see Appendix, Note 24, p. 507.] 
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in which 
A0 Ad 5 (u —1)(ri —ri) E. P (ri rra +r?) 
(u-1P (P+ P,P (Phy 
MAR (—1)(ri—r) P, (r3 +rara+ ri). 
(au, - 1) (P APPS 4 (Pa? 1 


Le € Mame) M( 3e re) 
Qu  p(an—1)  2&(&—-1) ' 


Me’ MÀ (e, — €) AAD (Ee — 2e, +’) 


COMAS ELT Mor cs OD 
bá na T) (Qu + Xo)! e + 2 (Ar + Ao) (As + 94) e, + (As + Aa)? e, 
-Mf = ag e 9e 4 } 
_ Me Adee) MM 2e t €) 
2u(u,—1) pw, (4, —- 1) 25 (5 — 1). ' 


Ase, A$(e— e) A8 (e— 2e, +e’) 
—Aa a — p — L —- +; 
f= Itme- 24,1) 


i P iy 
therefore since A 2: — Ao + PFP’ and A4 2 — Ag+ PX P. we have 


-2 (Mofo +M + Mga +f) = TT VG-DGOP-P) »a(a-IXPTP,) 


re. 1 ( P — ro) + (pe — 2.) ERE 
- SGI (035) al P+ P, p, —1 e+ £, 7 (P4 Py 


Ase 2X5 P, (e — ej) As P, (e — 2e, - €") 


— —————— 
. 


ei p, (n, — 1)(P+P,) t (n, 1) CP + P.) 


P,e 
py (Hy, — D(P-* P) 
If we put 
T = Q+ Q,ee, + Q'ee - Q,e? + Q/e, e + Q"e?, 


then 
P(r? +rira+ r?) +P, (75 - Tara ri) 


i 8(P4 P) 


1 Sf, 9h 1. 95 Et 
a HEEB) Bet Be + de T$ 


REN P (ri rara r$) +P, (r8 - Tara + T4) 
fi 2(P + Py 


1 e£, | 
6 PP P, {ro $e + T T 

1 8&5 : 
-aP FP) {ro 3. t + + ; &e. 


HMP 
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374 
July 23d.) Passing to a singie lens, r3=0, r4= 0, therefore X = 0, As = 0, Ao +M = 1, P, =0 
oe — Ag(e,—€') Ab(e—2e +e’) e € 
P Eye ME GANET ASQ SENE (ai gk 
20. ME) T LET tU l cla. AQ OD uri 
Miliy KE LM E ^ ars SLs. eva S eP - ‘tas 
= Py mi me YW Dre nj 
"pe ritmretrs (u—l)ri ra, 
e gps Apps ~ 4p? 
Q - —ri*nnri, (a Dri te “oa 3 ee Pm 
2p Ps TIP 3,P* QPF’ 


and at the same time ra= 7; — 1? therefore * 


3 e e 1) 


Q- za +4)- dic e BP (u 1) 
(u+2)r?_ ri(?u+1), 24-1 
- S8uP ^  8P8(u—1) BP(&-1)' 


2 
LATA is e) T; (3: 3 4i =) " Lad 
as poi T *api nm dus p| 2P(u—1y* 


(p-2)ri , ri(i*d- p 1) 


m— de ada odi o AIR we Se DE 
 94P* " 2P&u&(u—1) 2P(yu—1) 


July 27th.) For this case of a SINGLE THIN LENS p, IN VACUO, AT ORIGIN 
Veva--yB- zy -a'd -y B' zy — T9 — T9, 


(wo, — a^? + (uB, — B^ P (ua — a)? + (ufi — BY 


TA 4 T= 1 
2r (wy — y) 2ra (wy — 
(ua — a)? + (wBi— BP}? — (pas a) + (ui — By ; 
8r (u — IF 8ra (p — 1) 
eo ae ; 
-umre pe) i dn Un 
"n + m =(), a= HEN iad 
Ta Ty 
,_@—a) ry (a—a') rs 
Hey p T1 — Tg , 17067 T4 — T2 


similarly for the 9's; therefore putting as before 


as e= -- BP’, e —a'? 4 8^, 
zi and, in 


* [These expressions have been corrected: in the first line, the MS. reads raat instead of + 
the second, (2p — 5) instead of (2u+1). The compact method which follows is independent of iih: results, ] 
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we have 
" ri( — 9e, + €') 
(ua — a^? + (up — B’) = "NOV EF PN ig d rv) 
272.9 , 2 (u — 1) (ri — ra) 
(ue, — a) + bpp Hem Bee?) | ve 
fra- (r1 rira 4 703) (e — 2e, - € P. e— 2e, +e 
8 (p — 1 (ri — rs | A(n — 1} (ry — 9 
— 2n (uy — y — 5 —1) - 2r&(wyy — y — 2 —1) 
=r; e — p (a3 + 81)) — ra(e— u (ei + Bi} 
— ne! — rze — p (r1— r2) (61 + 81) 
n ial ad | eri-2enrs- ers, 
= 116 Ta€ p — rg) 
. 8(u - 19 (r-r TO 
=(ri+ Tira +r?) (e— 2e, +e) +2 (u — 1) (r1— ra) (rie — r26) 
—2 (1 — p”) (eri — 2¢,ry72+ e'r$) 


=e {ri (~ 1-4 267) + rira (— 2p 8) + ri (21 — 1)] — 2e, (ri rir (— 1 + 2872) n3] 


+e (ri (2u =n 1) +1172 (— Qu + 3) +r (— l4 2u-)} ; 


therefore putting 
To = eQ + ee, Q, e ee Q " e?Q, u ege Q' T e? Q", 


we have* 
Q- ri (— u + 2) rrj (— 29? + 38) + r$ (293 — =H), 
8p (u — 1) (i — 72)" 
Q ri nn (p? Ttt 1)-4 r$ à 
: -2u(n—lP(m-n? ' 
g= ry (uw? — +1) * rira(— 2u? +34) +73 (g9 — +1), 
| 4p (p — 1) (r1 — r9)" ' | Single thin lens 
Q _riptrirs(— p 2) rin. in vacuo. 
i 2u (p — 1? (ry — ro? 


Q'- rip! b rira(— pt mt) 7$, 

e — 2p (p — 19 (r1 — r2)* 

g'= ri (Qu? — p) + rır (— 2p? *34)*ri(- u+?) 
Sp (u — 19 (r1 — ra)? 

Let p be power; p=(p— 1)(rı— rz): then 
1 ' 

OF ae ae — M 
T op 2e, 4- €); 


[The manuscript ends at this point.] 


* [The expression for Q” has been corrected ; the MS, reads “3” instead of “3y.”] 
j 48-2 
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